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SUMMARY

Common using of parametric tests to elaborate relaasults is limited by predetermined
assumptions (variable measurability, normality tsf distribution, homogeneity of database
etc), which must be fulfilled. Otherwise, the cargibns obtained by calculating using a
parametric test will not be quite correct. Paramdwsts are useless also in the case of the
quality data and the data of a purely ordinal ratim such situations, we use the tests non-
parametric. These tests are not dependent on tlaenpters of population distribution. The
calculation formulas are simple, and the calcutetido not take much time. Therefore, we
can employ them widely, when the assumptions reduior parametric tests are not fulfilled.
Moreover, we use them, when our data may be ardaageording to determined criteria and
for some random samples of small size. The powdhehon-parametric tests (equal to one
minus the magnitude of the type 2 error) is howdeerer than the power of the parametric
tests. Then, they are to be applied only in thesashere we cannot use a parametric test. In
the paper, some examples of non-parametric tedtsbwvidiscussed. There are following
groups of non-parametric tests:

» Tests of goodness of fit — verification of the ranmdvariable distribution type (shape),
for example, Shapiro-Wilk test, Kotmogorow-Smirriest,

» Tests of randomness — verification of the elemeamidomness in the sample, for
exampleseries test

* Independence tests — verification of the indepeoel@h two random variables, for
examplechi-square independence test.

! The task within own research in Department of Gatius,

AGH University of Science and Technology, Krakow)dhd

TS04G - Valuation - Mass Appraisal Techniques, 5860 1/10
Anna Baraska

Application of non-parametric tests of significarioghe market analyses

FIG Working Week 2012
Knowing to manage the territory, protect the ennimeent, evaluate the cultural heritage
Rome, Italy, 6-10 May 2012



Zastosowanie nieparametrycznych testow istotr$oi w analizach rynku

Anna BARANSKA, Pofand
AGH Akademia Gorniczo-Hutnicza
Wydziat Geodezji Gorniczej idynierii Srodowiska
Katedra Geomatyki
al. A. Mickiewicza30
30-059Krakow
abaran@agh.edu.pl

Stowa kluczowe:test nieparametryczny, test zgoffriptest losowgrci, test niezalanosci
Streszczenie

Popularne mycie testow parametrycznych do opracowywania wywikdada jest
ograniczone okigonymi zataeniami (mierzalné zmiennej, normaln@ jej rozkfadu,
jednorodné¢ zbioru itd.), ktore musg by¢ spetnione. W przeciwnym razie wnioski z
obliczen testem parametrycznym nieda catkowicie poprawne. Testy parametryczre s
rowniez bezuyteczne w przypadku danych jakmwych i danych o charakterze czysto
porzadkowym. W takich sytuacjach stosujemy testy niepeatayczne. Testy te nie zaleod
parametrow rozktadu populacji, wzory sge do obliczé 53 proste, a same obliczenia nie
zajmup duwzo czasu. Meemy je wec szeroko stosowa gdy nie § spetnione zalgenia
wymagane dla testébw parametrycznych. Stosujemyojeniez, gdy nasze dane maa
uporzadkowa wedtug okrélonych kryteriow oraz dla prob losowych o matejzbbndgci.
Moc testow nieparametrycznych (rowna 1 minus wiglkbledu drugiego rodzaju) jest
jednak mniejsza nimoc testow parametrycznych. Stosujemy jecviylko wowczas, gdy nie
mozemy s¢ posty¢ testem parametrycznym. W artykule zogtamowione przykladowe
testy nieparametryczne. Dzjedic one na naspujace grupy:

» Testy zgodngci — weryfikacja typu (ksztattu) rozktadu zmienhegowej, nptest
Shapiro-Wilka Kotmogorowa-Smirnowa

» Testy losowéci — weryfikacja losowgci elementow w probie, npest serij

» Testy niezalenosci — weryfikacja niezalenosci dwoch zmiennych losowych, nigst
niezalenasci chi-kwadrat
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1. INTRODUCTION

Common using of parametric tests to elaborate relaasults is limited by predetermined
assumptions (variable measurability, normality tsf distribution, homogeneity of database
etc), which must be fulfilled. Otherwise, the carsibns obtained by calculating using a
parametric test will not be quite correct. Paramdwsts are useless also in the case of the
quality data and the data of a purely ordinal r&atlm such situations, we use the tests non-
parametric. These tests are not dependent on tlaenpters of population distribution. The
calculation formulas are simple, and the calcuretido not take much time. Therefore, we
can employ them widely, when the assumptions reduior parametric tests are not fulfilled.
Moreover, we use them, when our data may be ardaageording to determined criteria and
for some random samples of small size. The powé¢hehon-parametric tests (equal to one
minus the magnitude of the type 2 error) is howdeerer than the power of the parametric
tests. Then, they are to be applied only in thegashere we cannot use a parametric test.

2. TESTS OF SIGNIFICANCE

Tests of significance, both parametric and non+patac run in a similar way, in following
stages:

- formulation of a zero hypothedtt,

- selection of statistics (test function), accordinghe content of the zero hypotheldis
and to the conditions fulfilled by the random saepl

- determination of the significance level of the tesit is equal to the probability of the
type 1 error),

- determination of the alternative hypothddison the basis of the random test results
(form of negatingHy),

- determination of the limits of a so-called critieata, according to the content of the
alternative hypothesid; in such a way, that its area is equal to the Sagmce leveb,

- drawing conclusions based on the position of thissic value in relation to the critical
area.

During a statistical inference, on the grounds effgrmed test we can make two types of
errors:

» type 1 errorg — rejection of the zero hypothesis, while, in fact, it is true,
* type 2 errorf — lack of grounds for rejection (or acceptancehefzero hypothesis
Ho, while, in fact, it is false.
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With the statistical test is substantially involvg notion of its power. By determining the
S|gn|f|cance Ievebz we can manage the test power The smaller tlse more credlble is the

. - Ttack of
grounds to rejecHo for a Iargera Non- parametrlc tests in relation to the pararoetnes
have lower power, which means that it is more diifi to reject a zero hypothesis, i.e. it is
easier to make a type 2 error.

Among non-parametric tests of significance, wealdhtiate three types:

» tests of goodness of fit verification of the random variable distributitype (shape),
for example, Shapiro-Wilk test or Kotmogorow-Smimtest,

» tests of randomness- verification of the elements randomness in aptenfor
example, series test,

* independence tests verification of the independence of two randamables, for
example, chi-square independence test.

Non-parametric tests compare the whole distribstionot only their parameters, often
derived from the data on ordinal scale. It is thgggat advantage, because many market data
have such a character. These are variables typiqaklitative, as distinct from variables
quantitative.

This paper is focussed on the non-parametric tédgjeodness of fit.
3. TESTS OF GOODNESS OF FIT

The purpose of the test of goodness of fit is thagarison of the distribution form (shape) of
two features in one population or of one featuréwn populations. The solution of many
statistic problems is "simpler", if the analysedttee has a normal distribution. Different
statistical analyses require fulfilling the assuimpg on the distribution normality of the
analysed variableT¢Student tests, analysis of variance, analysisegfrassion, canonical
analysis etc.). That is why we must previously yarut the verification of the distribution
character every time we want to apply statisticelgses requiring the data of a determined
distribution.

Then, the circumstances of applying non-paramegsts of goodness of fit can be as follows:

e as a start point for applying some specific modélgarametric tests (verification of
the mean value, variances of the variable distioipugtc.),

* as one of the elements of the verification of aheatatical model structure,
correctness, for example in the case of modellirgphestate market (verification of
the model remainders normality distribution),

* acomparison of distributions in two different p&adions in order to draw conclusions
on their similarity,

» other practical issues, like verification of theelsymmetr§ (does the dice cheat the
players at the game?).
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Between non-parametric tests of goodness of fit, digtinguish, among the others, the

followina:
J

* Chi-square Pearson test,

» Kotomogorow test,

» Kotomogorow-Smirnow test,
* Kotomogorow-Lillieforse test,
e Shapiro-Wilk test,

* Wilcoxon test.

Hypotheses for verification in these tests could be
Ho: featureX has a distributiok  or: Ho: featuresX andY have the same distribution

where:
F - arbitrary determined distribution of probability

Considering one-to-one correspondence betweenutmeilative distribution functioand the
density functionthe distribution of a variable can be explicidgfined by each of them.
Choosing one of the variants of determining disiitn — we preciseél.

3.1. Chi-square test of goodness of fit

Chi-square test of goodness of fit requires a langeket database because of its low power.
We can apply it, for example, to examine the distiion of prices of a determined real estate
type in a time interval, aiming to verify the asqiimons of a selected parametric test, used to
verify, for example, the basic distribution paraemstof this variable on a given local market

(mean price, its dispersion and the like). Theaotithis test can be described as follows:

» classification of the values of the featdtex, xo, X3, ..., X, gathered in a random
sample (creation of a distributive series),

» formulation of the zero hypothedily: cumulative distribution function of the
examined feature is the functié(x);
if the hypothesisl, is true, the probabilitp; that the variablX would take a value
belonging to the-th class §i.1, gi) is: pi = Fo(gi) — Fo(Ji-1).

e statistics in this test has the form:

=y 0o )

it is a measure of differences between experinhantand theoreticahp sizes of
individual classes and it has a chi-square didfivby thus, we compare it with the critical
values read off from the tables of this distribuati

3.2. Kotomogorow-Smirnow test of goodness of fit

Kotomogorow-Smirnow test of goodness of fit is usedthe random samples relating to the
continuous random variable. Such a variable isagdyt the real estate price or the date of real
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estate transaction. The run of this test in the a@dscomparing distributions in two random
samples (for example, distribution of prices ofl restates of the same type on two different
local markets) is as follows:

* we take random samples from two given populatisresarrange the values from the
samples in non-decreasing seqUEREES X2) < ... < Xn),
» the zero hypothesisl, is: cumulative distribution function in two poptins is the

same,
* test statistics has the form:
D, = Vn - Sup—oo<x<+oo|FnA(x) — Fuy (x)l (2)
. Card {i: x;<x; i=1,2,.,n4(p)} .
where: Foysy () = Pay(x; < x) = —, 28 n= % 3)

Na, Ng — Sizes of two random samples,
F, . Fr, — cumulative distribution functions in these saespl

* we compare the test function values with the @iti@lues read off from the statistical
tables and we formulate the conclusion.

3.3.  Shapiro-Wilk test of goodness of fit

Shapiro-Wilk test of goodness of fit is used omdyetxamine the distribution normality, i.e.
distribution goodness of fit of a given random ahte data with Gauss distribution.
Therefore, it can be used, for instance, in the,caken we are modelling a real estate market
and, in the process of validating the model qualitg verify the compatibility of its random
component (the rest of the model) distribution witte normal distribution. There are
following stages of the test:

e we set the values from the random sample in nonedsing sequence:
X1) < X2) < - = Xn)s

» the zero hypothesis is alwakfs: the featureX has a normal distribution,

+ the test function has the form:

2

n 2 n
(ZEL ai(n)(xn_Hl—xi)) (Z[i]l ai(n) (xn—i+1_xi)>
W =

S, Gom2)? - V() 4)
Inl _ n/2 for n even
Where.[;] - {(n -1)/2 for n odd
ai(n) — coefficients from the statistical tables,

X-i+1—X — quasi- intervals of the ramkthat is the differences of term
pairs in a variables sequence of values symaoadlyidistributed
in relation to the centre.

» the value of the test function are compared wighdtitical values from the statistical
tables.
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4__EXAMPLE

The subject of the comparative analysis was twalldavelling markets, being two different

districts of the same town (Krakow in southern Rdla770 thousands of inhabitants),
considered as similar regarding attraction paramsetdistances from the city centre,

communication and the like. In order to comparediséribution of transaction prices on both

markets, Kotmogorow-Smirnow non-parametric tesg@bdness of fit was applied. Database
for the test included transaction prices negotidateghurchase contracts made in the first
guarter of 2012. The table 1 presents market irdtion about transaction unit prices of
dwellings, from the analysed period, in differentakow districts. From each district, 15

transactions have been selected. Two last rowseinable contain mean values of unit prices
and the dispersion of values in every sample. Rerdomparison, the districts, which the
characteristics were the closest, were choseniatissA and E.

Table 1.Unit prices of dwellings in different Krakow distts

District District A District B District C | District D District E
Number of Olszza Dc;bn;ki Kurdw%nc’)w Ruczzaj Krowoglrza
dwelling [€/m7] [€/m7] [€/m7] [€/m7] [€/m7]

1 1939 1795 1335 1410 1600

1501 1923 1652 1676 1828

3 1245 1724 1271 2070 1114

4 1364 2004 1454 1341 1277

5 1561 2024 1758 1243 1543

6 1420 1756 1572 1393 1470

7 1201 2067 1253 1102 1575

8 1579 1752 1449 1258 1412

9 1350 1825 1305 1204 1431

10 1420 1956 1425 1358 1220

11 1354 2011 1458 1426 1354

12 1510 1780 1589 1208 1750

13 1412 1842 1654 1520 1654

14 1600 1954 1687 1620 1541

15 1735 1820 1420 1820 1412
Mean value 1479 1882 1485 1443 1479
Standard 182 110 154 252 187

The aim of the performed test will be the invedima at the significance level of 5%, of
possible significant differences between the distions of dwelling prices in districts A and
E. All necessary calculations, following the formsil(2) and (3) are presented in table 2. The
critical value in the test read off from statistitables for the significance level 0.05 is 1.36
and it will be a reference value for the test fiorwD,.
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Table 2.Calculations in Kolomogorow-Smirnow test

District A District E
€>/<(i)2 0 cumulative| P (x<x)= 0 cumulative | P_(x<x)= |P, — Py
[ m] ' Ni(A) :Ni(A)/nA ' Ni(E) :Ni(E)/nE
1114 0 0 0,000 1 1 0,067 0,067
1201 1 1 0,067 0 1 0,067 0,000
1220 0 1 0,067 1 2 0,133 0,067
1245 1 2 0,133 0 2 0,133 0,000
1277 0 2 0,133 1 3 0,200 0,067
1350 1 3 0,200 0 3 0,200 0,000
1354 1 4 0,267 1 4 0,267 0,000
1364 1 5 0,333 0 4 0,267 0,067
1412 1 6 0,400 2 6 0,400 0,000
1420 2 8 0,533 0 6 0,400 0,133
1431 0 8 0,533 1 7 0,467 0,067
1470 0 8 0,533 1 8 0,533 0,000
1501 1 9 0,600 0 8 0,533 0,067
1510 1 10 0,667 0 8 0,533 0,133
1541 0 10 0,667 1 9 0,600 0,067
1543 0 10 0,667 1 10 0,667 0,000
1561 1 11 0,733 0 10 0,667 0,067
1575 0 11 0,733 1 11 0,733 0,000
1579 1 12 0,800 0 11 0,733 0,067
1600 1 13 0,867 1 12 0,800 0,067
1654 0 13 0,867 1 13 0,867 0,000
1735 1 14 0,933 0 13 0,867 0,067
1750 0 14 0,933 1 14 0,933 0,000
1828 0 14 0,933 1 15 1,000 0,067
1939 1 15 1,000 0 15 1,000 0,000
max=| 0,133

Notation in table 2:

X — dwelling price values occurring in both randaamsles, arranged in ascending order,
Nica), Niey— Numbers of the value ) in both samples,

Ni¢a), Nie)— cumulated numbers of the valuggin both samples,

Pa, Pe — values of cumulated distribution function (cuatet probabilities) for the
consecutive values;, calculated according to the formula (3),

|P, — P;| — absolute values of equivalent probabilitiesadi#hces in both price databases,
max — maximum value of differenci®, — Pg|, used in the formula (2).
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On the basis of the calculation above, we calewdinal statistic value (2):

515
15+ 15

which, in comparison with appropriate critical tgatue, satisfies the conditiob, < 1,36. It
allows concluding that there are no grounds foeatijg the zero hypothesis, thus we can
admit that both compared local dwelling marketsehtine same price distribution in analysed
time. They are therefore actually very similar.

D, =0,133-4/n=10,133- = 0,365

5. CONCLUSION

Non-parametric tests are applied to investigateoonpare the shape of the random variable
distribution. They are especially useful in theeca§variables expressed in ordinal scale. We
distinguish among them tests of conformity, tedtsamdomness and independence tests.
They have lower power than the parametric testthey facilitate the acceptance of the zero
hypothesis, which, in fact, is false. Thereforeytmeed generally more data (larger random
sample) than the parametric tests. Non-parameisis tonstitute often a preliminary stage of
applying parametric tests. The stages of a nonapatréc test of significance are usually
equivalent for the stages of a parametric tesigofiicance.
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