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Summary 

In this paper, an improved Precise Point Positioning GPS/MEMS-based integrated 
system is introduced for precise positioning applications. Un-differenced ionosphere-free 
linear combinations of carrier phase and code measurements are processed. Tropospheric 
delay, satellite clock, ocean loading, Earth tide, carrier-phase windup, relativity, and 
satellite and receiver antenna phase-center variations are accounted for using rigorous 
modeling. Tightly coupled mechanism is adopted, which is carried out in the raw 
measurements domain. Both Extended Kalman filter (EKF) and Unscented Kalman filter 
(UKF) are developed to merge the GPS and inertial measurements. The performance of 
integrated system is analyzed using a real test scenario in downtown Kingston.  

It is shown that both Extended Kalman and Unscented Kalman filters have comparable 
performance. The positioning results of the integrated system show that decimeter-level 
accuracy is achievable. During the GPS outages, the integrated system showed meter-
level accuracy when a 60-second outage was introduced. However, the positioning 
accuracy was improved to sub-decimeter and centimeter level when 30- and 10-second 
GPS outages were introduced, respectively.  
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1. Introduction  

Currently, the highest accuracy GPS positioning solution is obtained through carrier-
phase observables in differential mode, involving two or more receivers. However, the 
requirement of a base station is usually problematic for some applications as it limits the 
operational range of the system and increases the system cost and complexity. Recent 
research shows that comparable positioning accuracy can be achieved through precise 
point positioning (PPP) technique. PPP use un-differenced or between-satellite single 
differenced carrier phase and pseudorange observations (Elsobeiey and El-Rabbany 
2013).  

Unfortunately, accurate GPS positioning solution may not always be available due to 
GPS outages. To overcome these limitations, GPS can be integrated with a relatively 
environment-independent system, the inertial navigation system (INS). Currently, most 
integrated GPS/INS systems are based on differential GPS (DGPS) due to the high 
accuracy of differential mode (Petovello, 2003 and Nassar, 2003). More recently, GPS-
PPP was integrated with a tactical grade IMU to achieve comparable accuracy with that 
of differential mode (Zhang and Gao, 2007). However, the use of high-end INS is 
generally limited due to their high cost and size. Recently, micro-electro-mechanical 
sensors (MEMS) inertial sensors have been developed, which are characterized by their 
small size and low cost compared with high-end inertial sensors. Generally, however, 
MEMS inertial sensors have poorer performance and stability compared with high-end 
INS due to the high noise level and severe biases and drifts affecting them. 

This research is aimed to develop a new integrated system based on integrating GPS-
based PPP with MEMS accelerometers and fiber optic gyros for precise positioning 
applications. The proposed integrated system requires rigorous modeling of all errors and 
biases affecting inertial sensors and GPS observations. We use un-differenced 
observations for GPS PPP. Inertial sensors biases are accounted for through calibration, 
while Gaussian-Markov stochastic process model is used to account for the sensor’s 
random errors. 



Tightly Coupled Integration of GPS-PPP and MEMS-Based Inertial System Using EKF 
and UKF ( 7269)                                                                                                  
Mahmoud Abd Rabbou and Ahmed El-Rabbany (Canada) 
 
FIG Congress 2014 
Engaging the Challenges, Enhancing the Relevance 
Kuala Lumpur, Malaysia, 16 – 21 June 2014 
 

3/11

2. Un-differenced ionosphere-free model PPP model 

The most common PPP model is the un-differenced ionosphere-free combination of code 
and carrier phase observations (Hofmann-Wellenhof et. al. 2008). This model eliminates 
the first order ionosphere delay by combining the observations of L�andL�. The 
mathematical model for ionosphere-free PPP can be written as: 
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where P� and P� are code measurements on L� and L�, respectively; Φ�	and Φ� are the 
carrier phase measurements on L� and L�, respectively; dt� and dt� are the clock errors 
for receiver and satellite, respectively; d� and d�  are frequency-dependent code hardware 
delay for receiver and satellite, respectively; δ� and δ� are frequency-dependent carrier 
phase hardware delay for receiver and satellite, respectively; e��, e��	are relevant system 
noise and un-modeled residual errors for the un-differenced ionosphere-free combination 
of the code and carrier-phase measurements, respectively; and λ�	are the wavelengths for 
un-differenced ionosphere-free carrier frequencies; N�	is un-differenced ionosphere-free 
ambiguity bias; c is the speed of light in vacuum; and ρ is the true geometric range from 
the antenna phase centre of the receiver at reception time to the antenna phase centre of 
the satellite at transmission time. 

3. GPS/MEMS-based IMU integrated system mechanism  

In this paper, the tightly coupled (TC) architecture is implemented adopting a central 
filter to process GPS raw pseudorange, carrier phase and Doppler measurements and the 
INS-derived observations to produce estimates of the state vector including position, 
velocity and attitude. The basic state vector consists of the nine navigation parameter 
errors, namely three position errors, three velocity errors and three attitude errors. 
Additional states are added to the INS error model in order to account for the effects of 
the inertial sensor and GPS errors. The complete state vector consists of 24 states 
describing the basic state vector (the nine navigation parameter errors) and the inertial 
sensors errors (bias drift and scale factor).  

Knowing the precise GPS satellites ephemeris, the outputs of position and velocity from 
the INS mechanization are used to predict the pseudorange, phase and Doppler 
measurements. The corrected GPS pseudorange, carrier phase and Doppler measurements 
are differenced with the INS-predicted measurements. Then, the estimated filter 
processes those residuals to estimate the integrated system state vector. Finally, the 
obtained state estimates are feed backed to the INS mechanization using the closed loop 
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approach. Both Extended Kalman filter (EKF) and Unscented Kalman filter (UKF) are 
developed to merge the GPS and inertial measurements. 

3.1.Extended Kalman Filter (EKF) 

EKF transforms the nonlinear system for both the motion and observation models to 
linear through linearization process by applying Taylor series expansion and neglecting 
the second and higher order terms assuming Gaussian distribution density which is 
applied in Kalman filter (KF) estimation. Generally, EKF gives optimal estimation 
solution for linear models. In other words, for the integrated GPS/INS system, EKF gives 
optimal solution for the approximate system (linearized system) rather than the original 
system (nonlinear system). Using first order Taylor linearization  may cause divergence 
of motion models especially during GPS outages due to the impact of neglecting higher 
order terms especially when low cost MEMS-based IMU is used. 

The prediction step is given by (Jekeli, 2001): 

1 1 1k ,k k ,k kx xδ δ− − −= Φ) )

 ( 3 ) 
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The update step is given by (Jekeli, 2001): 
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where ���,�	�is the updated error state vector, ��,�	�is the state-transition matrix, 
��,�	�is the variance-covariance matrix for the prediction state , ��is variance covariance 
matrix for the measurement state, 	� is the Kalman gain, k is the epoch number,  
�is the 
design matrix related the measurement vector by the error state vector and  ��� is  the 
measurement vector. 

3.2.Unscented Kalman Filter (UKF) 

In UKF, a set of scaled sigma points with appropriate weights is deterministically chosen 
so as to capture the mean and covariance of this random vector up to a third order 
accuracy. Consider a random vector x with mean x� and covariance matrixP
. The scaled 
sigma points and the corresponding weights can be defined according to Bergman, (2001) 
as follows: 
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1. Initialize with (k=0); 

0 0x E[ x ]=  ( 8 ) 
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2. Define sigma points; 
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Where i=1:n, are the sigma points and n is the dimension of the state vector. The 
parameter λ is a scaling parameter. 

3. Time update step; 

1 1
i i
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4. Measurement update; 
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where �̅� and �� are the initial state vector and variance-covariance matrix respectively. 
�
� and �� are the state and observation vectors for the corresponding sigma points,  f and 
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h are the non-linear motion and observation models respectively. ��,���, ��,���and  
���,���

 are the time prediction state vector, observation vector and variance-covariance 
matrix respectively.	��, and  ��� are the time update state vector variance-covariance 
matrix respectively.  

Vehicular test is conducted to evaluate the performance of the developed integrated GPS-
PPP/MEMS-based IMU system. The vehicular test was carried out in downtown 
Kingston, Ontario (Figure 1). The test location represents difficult scenarios for satellite 
navigation, with frequent partial GPS outages of several seconds. Novatel SPAN-CPT 
system is used for obtaining the inertial data records and Trimble R10 receiver is 
employed for obtaining GPS observations. The SPAN-CPT system consists of a Novatel 
OEM4 receiver and MEMS IMU consisting of three MEMS-based accelerometers and 
three fiber optic gyros. Only the performance of the positioning accuracy is considered in 
this paper. The positioning results of the integrated system show that decimeter-level 
accuracy is achievable for both EKF and UKF. To simulate the challenging conditions of 
the trajectory trip including high and slow speeds, twelve simulated GPS outages of 60s, 
30s and 10s are introduced. Both EKF and UKF have similar accuracy-level during the 
outages.  

Figures 2, 3 and 4 show the positioning errors referenced to carrier-phase-based DGPS 
solution for latitude, longitude and altitude. The results show decimeter-level positioning 
accuracy for both EKF and UKF. Figure 5 shows the root-mean-square error (RMSE) and 
the maximum errors of the positioning results. Figure 6 shows the accuracy of the 
integrated system during various complete GPS outages. As can be seen, the integrated 
system showes meter-level accuracy when a 60-second outage is introduced. However, 
the positioning accuracy is improved to sub-decimeter during 30- and 10-second GPS 
outages, respectively.   

 

 



Tightly Coupled Integration of GPS-PPP and MEMS-Based Inertial System Using EKF 
and UKF ( 7269)                                                                                                  
Mahmoud Abd Rabbou and Ahmed El-Rabbany (Canada) 
 
FIG Congress 2014 
Engaging the Challenges, Enhancing the Relevance 
Kuala Lumpur, Malaysia, 16 – 21 June 2014 
 

7/11

Figure 1. Trajectory test area 

 

Figure 2. Latitude accuracy using EKF and UKF  

 

 

Figure 3. Longitude accuracy using EKF and UKF 
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Figure 4. Altitude accuracy using EKF and UKF 

 

Figure 5. Maximum and RMSE errors for EKF and UKF 



Tightly Coupled Integration of GPS-PPP and MEMS-Based Inertial System Using EKF 
and UKF ( 7269)                                                                                                  
Mahmoud Abd Rabbou and Ahmed El-Rabbany (Canada) 
 
FIG Congress 2014 
Engaging the Challenges, Enhancing the Relevance 
Kuala Lumpur, Malaysia, 16 – 21 June 2014 
 

9/11

 

Figure 6. The average of max positioning errors during GPS 60 sec, 30 sec and 10 sec 

outages using EKF and UKF 

4. Conclusion  

This research developed new algorithms for the integration of GPS PPP and MEMS-based IMU. 
Tightly coupled mechanization was implemented using both EKF and UKF. The performance of 
integrated system was analyzed using a real test scenario in downtown Kingston, Ontario. Un-
differenced ionosphere-free linear combinations of code and carrier-phase measurements were 
considered. The positioning results of the integrated system showed that decimeter-level 
accuracy is achievable for both EKF and UKF.  During the GPS outages, the integrated system 
showed meter-level accuracy when a 60-second outage was introduced. However, the 
positioning accuracy was improved to sub-decimeter and centimeter level when 30- and 10-
second GPS outages were introduced, respectively. These results are very encouraging as they 
are comparable to high-end differential-based GPS/INS systems. 
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