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SUMMARY

The real estate and finance crisis has shown the importance of real estate valuation: The
market value has to satisfy high objective requirements. Besides, the German jurisdiction
demands a maximum dispersion of = 20 % of the market value. The sales comparison
approach as one of the valuation methods is from a mathematical-statistical point of view
based on a multiple linear regression analysis. Since decades it has been considered as a
standard procedure for analysing the real estate market and to determine the current market
value. Nevertheless, the method has not been enhanced significantly since its introduction.
The estimated comparative value is in particular depending on the number and the type of
value influencing characteristics which are considered within the regression model.

The aim of this research is to enhance the use of regression analysis in real estate valuation by
the use of a recursive Bayesian regression approach, which is able to consider the uncertainty
of the value affecting characteristics as a prior information and thus to quantify its impact to
the market value. Furthermore, it enables the propagation of uncertainty through subsequent
periods of evaluation. For this purpose, prior information of the data has to be derived
empirically from the data itself using empirical Bayes method. After initialization, the
estimates of the regression coefficients and their uncertainty are used as a prior information
for following analysis. Besides the propagation of uncertainty, the Bayesian regression
models allow to predict comparative values, which dispose of a lower uncertainty than the
results of the classical approach.The methodology is tested on a real data set. It is proven, that
this approach provides more precise and appropriate uncertainty of predicted values and the
use of information that are not yet included in the regression analysis.
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1. INTRODUCTION

In Germany, the Federal Building Code provides the main legal framework for the
determination of market values for real estate. Subsidiary,statutoryregulations definethe
individual, standardized methods for the determination of the market value. The focus of this
contribution lies on the enhancement of the sales comparison approach, one of the prescribed
methods, or rather its mathematical-statistical point of view. Applying the sales comparison
approach, the market value of a real estate is derived from purchase prices of properties that
match the valuation object in a sufficient manner concerning the main value-influencing
characteristics. From the mathematical-statistical point of view the approach is based on
hedonic price models, representing the most frequently applied models in regard to matters of
real estat valuation. They have proven themselves capable for multifunctional purposes,
amongst others, the determination of market values, in applications for mass appraisals and
for the deduction of relevant data like index series or conversion factors. One of the hedonic
models is the multiple linear regression analysis, which is highly attractive for valuation
purposes because the results are directly interpretable in terms of the characteristics involved
(Op’t Veld,Bijlsma, and van de Hoef 2008). Since the 1980’s, the regression analysisis
considered as a standard method in Germany. Ziegenbein (1977)adopted the method for
valuation purposes and it was put into practice by many expert committees in the following
years.

The main idea of the regression analysis is the consideration as an iterative process, which
results in the determination of an appropriate optimal regression function describing a specific
issue of valuation, and in this case enables the estimation of comparative values.The estimated
comparative valuesare dependent solely on the number and the type of value-
influencingvariables, which are considered within the regression model. Besides the
assumption, that the value-influencing characteristics have a linear effect on the comparative
value, they also provide individual uncertainty, which are not be able to be considered within
the regression equation. The Bayesian approach as an innovative method enables to quantify
the uncertainty of single variables and to reduce it concerning the estimation of the
parameters. In this way, the estimated parameters dispose of a higher certainty. Furthermore,
the integration of Bayesian analysis into a sequential process leads to a recursive Bayesian
regression approach that enables the propagation of uncertainty throughout subsequent
periods of analysis. The main advantage of this process is that acurrent evaluation is not only
based onthegiven data, but also depends on theresults of thepreviousperiods.This type of
evaluationcorresponds to thereality of aconstantly changingmarket, whichof courseis not
based onconstant boundsforanalysis periods.

Concerning real estate valuation, the Bayesian approach has already been adopted
successfully: First attempts can be found in Alkhatib and Weitkamp (2012a), Weitkamp and
Alkhatib (2012b), Alkhatib and Weitkamp (2012), Zaddach and Alkhatib (2013) and
Weitkamp and Alkhatib (2014). The studies of the present contribution are a further
development of the approaches presented in Zaddach and Alkhatib (2013a).
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2. BAYESIAN REGRESSION APPROACH IN REAL ESTATE VALUATION

In general, Bayesian inferenceis based on the assumption, that all occurring uncertainty
should be modeled by the use of probabilities and that resulting statistical inferences should
be logical conclusions resulting from the laws of probability. It follows from this, that the
underlying Bayes Theorem is defined as a process of fitting a certain probability model to a
data set(Gelman et al. 2004). In contrast to the classical multiple regression analysis, the
application of Bayesian inference enables to consider prior information about the main value-
influencing variables and thus the parameters of the model. The consideration of prior
knowledge is the main advantage compared to the classical regression approach. The
following sections give a short insight into the theory of both the classical and the Bayesian
approach.

2.1 Theory of Classical Multiple Regression Analysis

The regression analysis as an approximation method gives the possibility to explain variations
of aresponse variable y (observation, e. g. purchase price per square meter) by the variability
of mpredictor variables x;, ... ,x,to indicate a functional relationship. The functional
relationship is given by the unknown regression coefficientsf, resulting in the linear
combination

m

yi=/30+/31xi1+"'+/5mxim+€i=/))0+2 ﬂj‘xij+8i’ [1]
=

where i = I, ..., n with n = number of data sets and f, ..., S, indicate the m regression

coefficient.The general trend model is overlain with random noise, the residual ¢;, since the
relationship between the response variable and the predictor variables are often known only
vaguely and knowledge about an exact function is not given. (Fahrmeir et al. 2009). The use
of matrix-vector notation allows to rewrite the n equations in Eq. 1 to

y=Xp+e [2]

Bold symbols indicate vectors and matrices, respectively. In the context of real estate
valuation the residuals can be assumed as independent and identically distributed (i.i.d.) with

£~ N0, 0?T), where o’ is the unknown variance of unit weight and 7 is the identity matrix
(weight matrix of the observations). All observations y; are assumed to be independent from
each other with equal variance. The common approach for estimating the unkown regression
coefficients is the Ordinary Least Squares (OLS) technique: this method enables the
estimation of the unknown parameters, which fit the sample data best in the specific sense of
minimizing the sum of squared residuals (Fahrmeir et al. 2009). In this way, the regression
coefficients and the corresponding cofactormatrix can be estimated as follows:

B=(XX)"(xy). 0y =V =(X'Xx)"
[3]
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Thevariance-covariance matrix (VCM) is then given by
e'e

Zﬁﬁ =§2Qﬁ'\,ﬁ Wlth §2 = " —m . [4]
If the whole model is statistically tested on its validity and the significance of the coefficients,
the regression function can be used to predict the value of an object within the chosen
submarket. A more detailed introduction to the theoretical background can be found in
subject-specific or statistical literature (e. g. Ziegenbein 1977, Fahrmeir et al. 2009, Chatterjee
2013).

2.2 Theory of Bayesian Inference

As mentioned before, the main advantage of Bayesian inference lies in the fact, that prior
information about the parameters of interest (here: regression coefficients) can be included in
the mathematical model. In order to make probability statements about the unknown
parameters given a collection of data, the Bayes theorem has to be evaluated:

p(Bly)=p(B)p(y|B). [5]

The prior density p ( ﬁ’) contains the prior knowledge about the parameters and describes the

current state of knowledge. The prior density can be distinguished by two types: On the one
hand, the informative prior density is used if specific prior knowledge is available. On the
other hand, the non-informative prior density is used if there is no knowledge about the
parameters at all. As shown in the next section, the results of the Bayesian approach and the
classical regression are identical if the deterministic context between the predictor variables
and the response variable is linear and there is no prior knowledge, respectively. The term

p( vl ﬂ) in Eq. 5, calledlikelihood function, is the probability density of the observations

conditional on the model parameters. The likelihood function summarizes the information
from real data (in this case the purchaseprices per m? of comparable objects) before

knowledge about the parameters is collected. The term p( )2 y) is proportional to the product

of the prior density and the likelihood function and indicates the posterior density, the
empirical estimated probability of Bconditional on y . This density function can now be used,

to receive estimates of the parameters and to predict new (comparable) values.In summary,
the Bayes theorem starts by using prior probabilites to describe acurrent state of knowledge. It
then incorporates information by the collection of new data which finally results in new
posterior probabilities to describe the state of knowledge after combining the prior
probabilities with the data. Gelman points out, that in ”(...)Bayesian statistics, all uncertainty
and all information are incorporated through the use of probability distributions, and all
conclusions obey the laws of probability theory.” (Gelman et al. 2004, p 18). For a more
detailed introduction in Bayesian statistics, the reader is referred to standard literature (e. g.
Gelman et al. 2004, Koch 2007).

2.3 Application of Bayesian Regression Approach
Concerning the Bayesian regression approach, the main interest lies in learning about the
unknown, stochastic regression coefficientsfbased on the data y . The trend model based on

the coefficientsthen reflects the goodness of fit between the real observations and the
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deterministic trend. For applications in real estate valuation, a normal distribution of the
response variable as well as functional linear model is assumed. The evaluation of the Bayes
theorem provide in this case an analytically solvable solution for the posterior density. The
advantage of this is the avoidance of a computationally intensive derivation of the posterior
density according to Eq. 5. Analytically not solvable solutions require numerical
computations based on Monte Carlo techniques and will be an issue of future research as far
as applications of real estate valuation are concerned. Under the assumption of a normal
distribution for the response variable and the residuals as well as a general linear deterministic
context within the model, Koch (2007) derives the mathematical procedure for estimating the
coefficients. The main results are assembled in Table 1.

Table 1: Comparison of classical regression approach and Bayesian regression approach.

Classical regression approach Bayesian regression approach

B=XX)1Xy) B=(XX+V") Xy+V1B) 4
— — ! -1 — -1

V= Qg = (X'X) V= (XX+ V1) [7]

The left column of Table 1 shows the classical regression approach, which is used in real
estate valuation up to now. In contrast to this, the right column opposes the Bayesian
parameter estimation based on the analytical solution. In these equations, available prior
information is marked per underbar, resulting posterior information per overbar. As it can be
seen, the main difference lies in the consideration of the uncertainty in the Bayesian approach,
reflected by the cofactor matrix V of the parameters as well as parameters themselves
resulting from prior knowledge. By comparing both columns, it becomes obvious how prior
information affects the estimation of posterior parameters as well as their uncertainty reflected
by the VCM. In addition to the estimation of the parameters and their uncertainty, the
posterior empirical variance factor can be calculated by

22 -1 <212 _ _ — —
s =(n+2 %+ 2) (z (%+ 1)s?+(8-B)v'(B-B)+ (v —xlz)'(y—xlz)>[8]
where s? denotes the priori variance factor and V2 its variance.For the whole deduction of
the equations in Table 1 andEq.8the reader is referred to Koch (2007). The results can now be

used to derive the confidence intervals (Highest Posterior Density Intervals, HPDI) of the
parameters (assuming a Student’s-t-distribution):

P(Bi — t1-asr /55, < Bi < Bi+t1a;/55) =1 — . [9]

In Eq. 9 the termt;_q;s denotes the quantile of the Student’s-t-distribution, a the significance
level, f the degrees of freedom and Sg the standard deviation of the parameter resulting from
Eq. 7. Once the parameters are estimated, the results allow to predict new, unobserved values
¥, with value-influencing characteristicsX,,. For this purpose a so called posterior predictive
distribution has to be formulated. Following Gelman et al. (2004, p. 358), this distribution
p(¥ply) contains two types of unvertainty: (1) the fundamental variability of the model,
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represented by the variance factor in y not accounted for by Xf, and (2) the posterior
uncertainty of the parameters and the posterior variance factor due to the finite sample size of
». The normal linear Bayesian regression model allows the analytical determination of the
expectation value E(.) as well as the variance var(.) of the posterior predictive distribution:

E(yp|52y) = E(E(y,|B.5%.¥)[5% y)
= E({pﬁ|§2,y)
=X,PB, [10]

var(y,|5%,y) = E(var(y,|B.5%,)[5%, y) + var(E(y,|B. 5%, ¥)[5%, ¥)
= E(5%1|5%,y) + var( X,BI|5%y)
= (I +X,VX})52. (1]

Under the assumption of Student’s-t-distribution the HPD-Intervals of predicted values can
now easily calculated by:

p <}7p,i — ti—a;f/ /var(j}p,i) <VYpi< B: + ti—a;r/ /Uar(f’p,i)> =1-a. [12]

2.4 Recursive Bayesian Estimation

Referring to issues of real estate valuation, former classical regression results, which reflect
the market behavior in one year,should influence the analysis of the next year. This point of
view is justified, because the market, of course, does not depend on closed periods. Until now,
most expert committees in Germany performa singleanalysisfor one year,without
usinginformation fromrecent years, as far as the estimation of comparative values is
concerned. Only few experts use overlapping periods, althoughthe behavior of the real estate
marketis continuously changing and data of past periods may help to improve the regression
function.The advantage of the informative Bayesian regression approach compared to the
classical, non-informative one is the propagation of uncertainty of the parameters concerning
data sets collected in different periods. In this way, the posterior information is used as a prior
data set for subsequent periods. The way of gaining prior knowledge is not strictly specified.
For this purpose, experts’ opinion can be used as well as the results of former analysis. The
first mentioned approach has been applied successfully to real estate valuation in Alkhatib and
Weitkamp (2012), Weitkamp and Alkhatib (2012a) and Weitkamp and Alkhatib (2012b). The
second approach is presented in the following.Figure 1 depicts the approach, which is
suggested for recursive Bayesian filtering based on gaining prior knowledge from past
analysis, 1. e. data driven prior information (known as empirical Bayes).

The first step of the analysis starts with the definition of the spatial and objective submarket:
The response variable as well as the predictor variables have to be defined. It is initially
irrelevant, whether each predictor variable has an effect on the response variable or not,
because the significance of the parameters is tested within the process. After defining the
variables, prior information has to be generated by applying a non-informative (classical)
regression approach to a data set of a past period. In this context, it is important to choose the
same response and predictor variables as in the actual data set.

Once the prior information (cf. Eq. 6 and 7) is obtained, a first informative Bayesian

Propagating the Uncertainty of the Market Value by the Use of a Bayesian Regression Approach, (7073)  6/15
Sebastian Zaddach and Hamza Alkhatib (Germany)

FIG Congress 2014
Engaging the Challenges — Enhancing the Relevance
Kuala Lumpur, Malaysia 16 — 21 June 2014



regression approach can be applied. According to the last section, a Student’s-t-distribution is
assumed for the parameters.

The significance of the parameters of the model can then be tested by formulating the
hypothesis

Ho: E(B;) =0, Hy: E(B;) # 0, [13]

with the null hypothesis H, (parameter is not significant) and the alternative hypothesis Hy
(parameter is significant) following the Student’s-t-distribution with n-m degrees of freedom.
The test size is given by

ty = [14]

and the null hypothesis is rejected, if tz > t;_4/, . In case of a non-significant parameter,
the parameter has to be eliminated and the Bayesian regression model has to be calculated
again. In this context, it is important that a re-calculation of the prior regression is also
necessary, as new prior information has to be generated without consideration of the non-
significant parameter. The whole process runs iteratively, until an optimal regression model is
reached. Based on the results, the HPD-Intervals as well as the prediction of new values can
be performed. Additionally, the posterior Bayesian regression model serves as a prior
information for subsequent analysis.

e Generation of prior information -

e Definition of data sample due to submarket

falleeCamien e HopeaEt — ¢ Definition of response and predictor e Bayesian regression analysis D S

applicable e
e Testforsignificance of the parameters
e Significance accepted for all parameters
e Calculation of HPD-Intervals
(parameters) l
e Prediction (Leave-one-out g | =]
ot o -~ Final Bayesian regression model L Yes No |

validation)
e Calculation of HPD-Intervals
(predicted values)

|—‘ Posterior information = prior in formation I—

Figure 1: Process of recursive Bayesian regression approach.

3. PRACITCAL APPROACH

The presented research approach in Figure 1 is applied by means of real data set. Overall,
three periods are used. In this case, one period accords to one year where the local expert
committee collected purchase prices and their main value-influencing characteristics. The
evaluation of the first year is performed by the use of a non-informative Bayesian regression
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approach, as no prior information is available for this data set. The results of this first year
serve as a prior data set for the second year according to Figure 1. Thesustainingresults are
thenusedfor the next calculation of the third year. In order to be able to predict new values, a
leave-one-out cross-validation approach is applied. The basic idea of this method is to
separate one purchase case of the original sample and to perform the estimation with the
remaining data. The whole process is repeated, until every purchase case has been used for
prediction (Cressie 1993).

3.1 Description of Submarket

The analysis are based on data sets of theAutomated Purchase Records (APR),a digital
database containing all property transactions within the province of Lower Saxony, in the
north of Germany.Due to the available data from the APR, the city of Hanover, capital of
Lower Saxony, is selected as a spatial submarket. The objective submarket is set to
condominiums. Based on former analysis concerning the significant value affecting variables,
the comparative value (purchase price per m? (€/m?), respectively) can be described by six
variables: standard ground value (€/m?), age (years), area of living space (m?), distance to the
next park/recreation area (km) and the quality of the location (based on assessment of experts,
categorial variable: good location, average location, bad location).

3.2 Recursice Bayesian Estimation

The data set is available for the years 2008 to 2010. In the first year of evaluation, 2008, 489
purchases are available, in 2009 132 purchsases and in 2010 184 purchases. The non-
informative solution of the Bayesian approach is based on the evaluation of 2009. According
to Table 1, the results are equal to the classical multiple regression analysis. The regression
coefficients and their variance a s result of the analysis of the data set 2008 form the prior
knowledge due to Eq. 6 and 7 (f andV , respectively). The prior knowledge is estimated by

the non-informative approach (Eq. 3 and 4), as the data set of 2008 can be regarded as zero
point on a scale within this approach and it is assumed, that no further knowledge is available.
Instead of the random choice of 2008, any other data set may initialize the procedure. The
response variable is appointed to purchase price per area of living space (€/m?). The
determination of an optimal regression function is based on the requirements that are applied
in the context of the valuation standardsin Germany. These are not discussed in this paper (see
e. g. Ziegenbein 1977).

3.3 Results of the Practical Approach

The results of the recursive Bayesian estimation due to Figure 1 are depicted in Table 3
concerning the evaluation of 2008 and 2009 and in Table 4 the propagation of the uncertainty
from 2009 to 2010 is shown. As the focus of this contribution lies on the examination of the
uncertainty and due to the lack of space, the presentation of the key figures of the regression
analysis is omitted. In the first column of each table, the significant coefficients are listed. The
next column, “Prior informative”, shows the results of the prior regression analysis,
accomplished with the data set of 2008 and 2009, respectively. The estimated coefficients for
the “non-informative prior” solutioncan be found in the subsequent column. The last column,
“informative prior”, shows the results under consideration of the particular prior analysis. It
can be seen, that the mean values of the regression coefficients of the informative solutions lie
between the mean values of the prior information and those of the posterior based on non-
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informative prior. The different approaches lead to numerical different coefficients, which can
be expected because of the modifications due to Eq. 6 and 7. Nevertheless, the tendency of the
coefficents in regard to their prefix as well as their absolute numeric value indicates, that the
chosen submarket of condominiums reflects a very homogeneous behaviour concerning the
real estate market from 2008 to 2010. Furthermore, the improvement of the regression
function is not the primary aim of the Bayesian approach, since the main focus of this method
lies in decreasing the uncertainty of the single coefficients and its propagation to the predicted
values.

Table 3: Prior and posterior estimates for the regression coefficients (2009).

Prior Posterior based on
Informative non-informative prior informative prior

(2008) (2009) (2009)
Intercept Bo 776.97 926.18 820.56
Standard ground value B 9.65 2.37 8.67
Age b -3.05 -2.40 -3.36
Area of living space Bs 5.43 6.00 5.49
Dist. Park B -13.15 -16.99 -14.69
Quality of location Bs -70.91 -51.33 -69.86

Table 4: Prior and posterior estimates for the regression coefficients (2010).

Prior Posterior based on
informative non-informative prior informative prior

(2009) (2010) (2010)
Intercept By 820.56 740.13 836.59
Standard ground value B 8.67 15.12 9.13
Age b -3.36 -3.29 -3.33
Area of living space Bs 5.49 5.40 5.50
Dist. Park Jon -14.69 -11.59 -13.17
Quality of location Bs -69.86 -74.49 -80.71

The marginal distributions of the coefficients because of the joint posterior density are
depicted in Figure 2a and Figure 2b. Under the assumption of Student’s-t-distribution each
figure shows the distribution of one coefficient at a time as a result of the non-informative
solution (dark grey color) and of the informative solution (bright grey color). Additionally, the
mean values are plotted as well as the the 95%-HPD-Intervals (dashed-dotted line in case of
non-informative solution, solid line in case of informative solution). The left columns in
Figure 2a and 2b show the coefficients resulting from the analysis of 2009, the right columns
those of the subsequent evaluation of 2010. In every case, it is obvious, that the informative
solution is limited to a more narrow range in comparison to the non-informative solution. This
corresponds to the fact that the use of prior information leads to a more concentrated result
due to the associated mean value. The uncertainty, which is in statistics usually expressed by
the variance, is reduced significantly. This conclusion is confirmed by the computation of the
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lower and higher boundaries of the HPD-Intervals according to Eq. 9. As expected, the
boundaries have a more narrow range, if prior knowledge is integrated. Comparing the
informative results from 2009 and 2010 it can be noticed, that numerical values are very
similiar, whereas those of the non-informative solution are more different.This leads to the
fact, that the use of prior informaion not only reduces the uncertainty but also provides a
better stability of the functional model. The informative Bayesian regression approach is able
to consider slight fluctuations of the market.

Figure 3 depicts the HPD-Intervals resulting for the cross validation approach. As explained
in the beginning of chapter 3, 132 comparative values are predicted for the year 2009 and 184
for the year 2010. The first row shows the margins of the HPD-Intervals of the non-
informative and the informative solution for the years of 2009 (left) and those for 2010
(right). The second row displays the change in % of the margins resulting from the first row,
caused by the consideration of prior information. In both year, the consideration of prior
information allows the reduction of the HPD-Intervals for the predicted values for about 100
€/m? and 150 €/m?, respectivley. This corresponds to a mean improvment of about 12 % in
2009 and 11.6 % in 2010.

4. CONCLUSIONS

The presented method shows the implementation of a recursive Bayesian approach to real
estate valuation. The researches have to be interpreted as a preparatory step for upcoming
approaches concerning the Bayesian approach for real estate purposes. The outstanding
finding of the presented research is the successful recursive integration of prior knowledge
which has been derived empirically from former data sets. The presented results show, that
the empirical Bayes method is applicable and provides regression coefficients with a
significantly reduced uncertainty concerning the classical approach and the propagation of
this uncertainty to new predicted comparative values. In this way, the impact of the
uncertainty of the single value affecting variables on the market value can be reduced, as far
as the mathematical model is concerned. Nevertheless, the results only show the general
application of the Bayesian method, but the main benefits of the method are reached in cases,
where only a few data sets are available. In these cases, the integration of prior knowledge
about the parameters leads to estimates, which are reliable, whereas the use of the classical
approach may fail, due to a lack of data. Furthermore, besides the improvement of the
propagation of uncertainty, the functional model can be improved by applying a so-called
Collocation approach. This approach can be regarded as an enhancement to the classical
regression analysis and leads to predictions closer to the purchase price than those of the
regression analysis can. This approach has already been tested for purposes of real estate
valuation successfully (cf. Zaddach and Alkhatib 2012, Zaddach and Alkhatib 2013b,
Zaddach and Alkhatib 2014). The combination of the Collocation approach and Bayesian
Theoremallows the improvement of the functional model and its uncertainty and is the next
step of applying Bayesian inference to the field of real estate valuation.
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Figure 2a: Estimated Student’s-t-distribution of the parameters S tof,. The left column show the
results of the informative Bayesian regression analysis based on the data of 2009, the right column
those of 2010. Dashed-dot lines represent the 95%-confidence intervals and the mean value of the
non-informative, solid lines those of the informative solution.
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Figure 2b: Estimated Student’s-t-distribution of the parameters ;3 tofis. The left column show the
results of the informative Bayesian regression analysis based on the data of 2009, the right column
those of 2010. Dashed-dot lines represent the 95%-confidence intervals and the mean value of the
non-informative, solid lines those of the informative solution.
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Figure 3: Comparison of the HPD-Intervals. The first row depicts the margins of the HPD-Intervals of
the non-informative and the informative solution for the years of 2009 (left) and 2010 (right) for the
predicted values. Second row depicts the change in % of the margins resulting from the first row,
caused by the consideration of prior information.
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