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SUMMARY

The incomplete global coverage of accurate grawitgasurements excludes a precise
determination of the geoid using Stokes'’s formtratead, an approximate solution is used in
practice that combines long-wavelength Earth GyaWwtodels, with local gravity. This
truncation of the area produces an error that péllreducing by a modification of Stokes’s
kernel.

Generally, the modifications of Stokes kernel aredeéd into two categories: the stochastic
modifications of Stokes formula interested to ttaistical study of the errors of: earth global
model, the gravity data and the truncation of Séakéegral to a cap around the computation
point. The use of this kernel modified has beercsssfully applied in the determination of
several high-resolution regional geoid models ffedent areas.

The second approach called deterministic that sts12nly to the minimization of the
truncation error or the convergence of the errergs to zero.

In this paper we expose and compare the differemdts proposed in the geodesy literature
aiming to choose the best kernel for computingaiteeise geoid of Algeria.
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1. INTRODUCTION

The gravimetric geoid can be computed by Stokegniéda. This formula, published by
Stokes already in 1849, is one of the fundameetationships in physical geodesy. It enables
the determination of the geoid model from globdlilstributed gravimetric measurements.

For practical considerations. However, the areaashputation is often limited to a spatial
domain around the computation point. Proposed biotmskii et al. (1962), this truncation
of the area cause an error that can be reducedtiogucing a modification of Stokes’ kernel.

They are two different approaches in the theorytte modification of Stokes kernel:
deterministic for example Wong and Gore, Meisslni¢daek and Kleusberg and Featherstone
which endeavored to minimize truncation error. Othdtiatives like Sjoberg, Wenzel
modified kernel by taking into account area truiraterrors, terrestrial gravity data and
coefficients of global geopotential model suppogddiown in advance.

2. THE LEAST SQUARES MODIFICATION OF STOKES FORMULA (LSMS)

The aim of LSMS is to reduce in a least squaresesegrrors of geoid height deduced from
truncation of the area, terrestrial gravity data aoefficients of global geopotential model
(GGM).

The original Stokes formula for gravimetric geoidatel is given by:

N :%VUS(z//)Ag do (2.1)

WhereN is geoid heightR is mean radius of the Eartl, geocentric angle; normal gravity
on the reference ellipsoidAg gravity anomaly on the geoiddosurface element of
integration over a unit spheve ands) is Stokes kernel, which in closed form is given as
[Heiskanen and Moritz, 1967]

A

SW@) =

- 6sin(%} +1- 5cosy — oy In(sin% + sinz%j (2.2)
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and in spectral form as:

2n+1
n-1

S@) = Y=z

Pn is Legendre polynomial

B,(cosy) 3P

By taking some of the above facts into considergatamd that the observed terrestrial gravity
anomalyAg is limited to a cap of radiug. With corresponding geocentric anglg the
GGM gravity anomalyg,, is known up to degree and ordéy the modified Stokes provides
approximate geoid heigli as

N=_1f $MGho) Agdo+cXiys, Mgy (2.4)

Wherec = ziy , SM(y) is the modified Stokes function agdire the modification parameters
with the assumption that=s;=0. [Ellmann, 2004].

SM@) is expressed as:
SMW) = SW) — Xn=z SnAGN (25)

The coefficients of the geopotential model havenbeletained via some estimation process
from satellite tracking data, containing noise, ethuinavoidably propagate into the computed
geoid undulations. One should also consider theneous terrestrial gravity data within the
spherical integration cap.

Then, the geoid model error is expressed by;

SN=N—-N=_[[ S"Wo)e"do+cThysn el == Jf,_, S"(ho) Agdo (2.6)

2T

Where ™ and ™ are errors of the terrestrial and GGM gravity aabnrespectively. By
assuming these errors are random with zero statigikpectation

E(e =0 and E(M)=0

Then E(SN) = i [J_g, S W) Ag do = —c T3, Q1 Agy do (2.7)
where: the truncation coefficie@! are expressed as
M 2k+1
On =Qn— Zn:ZTSkenk (2.8)

the Molodensky’s truncation coefficie, are given by:

Qn = [, SWIP, (cosyp) simp dyp (2.9)
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and the Paul’s coefficientgy are expressed as:
s

enk = f P, (cosy) Py, (cosy) siny dy

Yo
Now, we take care of the bias due to truncatich@same time allowing for more parameters

than the available degree of the GGM. First, by ifyody the Stokes function to:

2n+1

StW) = SW) = Lny = —spPu(cosy),  Lz=M (2.10
then taking care of truncation bias. The estimAtixecomes
N=_f, S'@ )Ag do+cTHo(Qf +50) AgY (2.12)
Consequently, the geoid model error becomes,
c M L i (2.12)
o = o [[ stpeTdo + ¢ Y @k + s —c Y @+ sdgn—c Y. Qkg,
T o n=2 n=M-1 n=L+1

Minimization of the geoid estimator errors is theaim objective of any modification
procedure. Based on the spectral form of the temdgundulationN, the expected global
mean square error (MSE) of the geoid estimAt@an be written [Ellmann, 2001]:

m% =E (- [f, (N = N)?do) = c? $ii, bdey + ¢ Z5, | (b — Qk — s1) +
(75— @~ si) 7] (2.19)

Since all data errors are assumed to be randonwahdexpectations zero, the norm of the
total errors is thus obtained by adding their patontributions. The first term represents the
contribution due to errors of the geopotential modée middle term is due to truncation

error and the last term accounts for the influesfoerroneous terrestrial data.

Wherec, is the GGM gravity anomaly signal degree variamd@ch can be evaluated from
Ellmann, 2001] :

cn ==, (Agn)?do (2.14)
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dc, is also known as error degree variance, usualtgindd from GGM potential variances

2 2
oc,and og

don = E{LJf, (?do} = (&) (1= 1)* The (B, +02,) 219

a2 is the terrestrial anomaly error degree varianteained by:

Wheree]! is the error of\g?

The minimum MSE of the unbiased estimator 4&/% = min, is attained when equation

2
(2.13) is differentiated with respect to paramears.e((w )/as and then set to minimum
n
by equating to zero. This results into a systeitimefr equations

Z?:z AprSy = hk) k= 2,3, .,L (21_’)

whereay, andhy are modification coefficients dependent@nen,cn,dc, o2,

The difference between many kernel modificationstho#s comes from the way the
modification parameters,d4=2,3,...,L are realized, which are the solution to the systém
linear equations (2.17). On the other hapdiepends of the quality of the data, and the
characteristics of the geopotential model usedemminimizing the quadratic average of the
total error.

3. DETERMINISTIC APPROACHES

The truncation of the Stokes global integral intdinaited spherical cap radius has been
practiced by modifying the Stokes’ kernel via detmistic approach. The strategy of the
deterministic approach is to reduce the effecheffar-zone gravity field while truncating the
Stokes global integral to a limited spherical cap.

Since Molodensky’s pioneering work [Molodensky atg 1962], several other authors have
proposed modifications to Stokes’'s (1849) integiidlese have been based on different
criteria and can be broadly classified as detestimmodifications (likeMolodensky and al.
1962; Wong and Gore 1969; Meissl 1971; Heck anchiBger 1987; Vanicek and Kleusberg
1987; Featherstone and al. 1998).
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Therefore, the deterministic kernel modificatiorasncbe further divided into two broad
categories; modifications that reduce the uppemdoof the truncation error according to
some prescribed norm, and modifications that imertine rate of convergence of the series
expansion of the truncation error.

3.1. WONG AND GORE'S MODIFICATION

Wong and Gore modified the Stokes’ kernel by remgvthe low-degree terms of the
Legendre polynomials from the original kernel.

Equation (2.1) shows that the unmodified Stokesiddlecan be expressed as a Fourier series
of Legendre's polynomials fror@ to co. When a global geopotential model of spherical
harmonic degree and ordgr1) is included in eq. (2.1), the low-degree termsnfrd to(L -

1), inclusive, are no longer required in Stokes'sgral due to the orthogonality of spherical
harmonics over the sphere. [Featherstone andog8] 1

Then, the Wong and Gore kernel is written as:

2n+1

SEW) = SW) — Xh=a - Pu(cosy) (3.1)

WhenL=M, such asVl is the degree of the geopotential model, the kesrelled spheroidal
Stokes kernel.

After that, the spheroidal coefficient of truncatics written in function of the coefficient
truncation corresponding to the spherical kern&tokes and a coefficiesgk which one can

numerically determine using the formulas of reaucee of Paul (1973) [Chuanding and al.,
1998].

elyw) (3.2)
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Figure 1: Spheroidal truncation coefficient

The spheroidal truncation coefficient becomes unstm the neighborhood of degree 360
(figure 2), this divergence is to study thereafter.

3.2. VANICEK AND KLEUSBERG'S (1987) MODIFICATION

In a similar manner to Molodensky et al., that makmodification to the spherical Stokes
kernel, Vanicek and Kleusberg (1987) make a maatifo to the spheroidal Stokes kernel.

This approach minimizes the upper bound of thecation error in a root mean squares
sense.The process of minimization of the quadeatdrage error leads us to a systenief)
linear equations of the form [Vamk and Featherstone, 1998]:

22“1 W)ew,)=Q, w,) ; 2snsL

o 2
2k +1 (33)

Q)= )Y, 2 e, )

Q" (w,) is the Wong and Gore truncation coefficient

The resolution of this system of linear equatior8)3is given the coefficients includes in
the definition of the Vanicek and Kleusberg kernel.
Consequently, the Vanicek and Kleusberg kernebkmvs:

2n+1

SYE@) = St(Y) — Xh=2 = tn Pulcosy) (3.4)
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Figure 2: Truncation coefficient of Vanicek and Kleusberg

The truncation coefficient of theanicek and Kleusbe(§jgure 2) oscillate weakens while
increasing the degree and converges thereafterdsvzaro for great values of degree.

3.3. MEISSL'S (1971) MODIFICATION

Meissl's modification is achieved by simply subtirag the numerical value of the spherical
Stokes kernel at the truncation radifi&),) from the original kernel. Thus, the Meissl
modified kernel is defined as

S(cosy)- S(cosw,) si O<w=<w,
S™() = (3.5)
0 Si Y,sysm

Meissl shows that the truncation error series cogevéo zero faster by increasing spherical
harmonic degrea, when the integration kernel is zero at the trtinoaradiusy,. Therefore,
the effect of the truncation error on the geoidl Wi diminished at a greater rate when
compared with an unmodified kernel. This is becabseFourier coefficients of a continuous
kernel function converge to zero faster than thosea discontinuous kernel function
[Featherstone and al., 1998]

Therefore, the corresponding truncation error, whsing the Meissl modification is:

Q:(wo)=Qn(w)+jﬂ(a.l(cospo)—cosﬂo.a(cospo)) (3.6)
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The modification of Heck and Gruninger is similar that of Meissl, except that the
subtraction is applied, in this case, with the spigal kernel. The goal of this subtraction is
to make continuous the function of the error spigaidkernel.

The Heck and Gruninger kernel is given by

. S*(cosp)-S'(cosp,) si O<ww, 3.7)

0 si Y,sysm

3.4. THE HYBRID KERNEL MODIFICATION

An argument similar to that of Meissl will be usedshow that this type of modification to
Vanicek and Kleusberg's kernel can reduce the atiorc error still further. In this case, the
integration kernel is set to zero at the truncatamhus by subtracting the value of the Vanicek
and Kleusberg kernel ap,. The hybrid kernel modification is given by:

S{"’(cosv’b) = SM(COS'P) - SM(COS‘PO) - Zi:zzz__ltk(lpo)[Pk(COSI/’)— Py (cosypy)] (3.8)

This modification is proposed by Featherstone dn@898) uses a combination, where the
rate of convergence of the series expansion ofiready reduced truncation error by the
norm is accelerated fro@(n™) to O(n) through the approach proposed by Meissl (1971).
This can be achieved either by setting the keroetero at the truncation radius through
subtraction, or by choosing the truncation radiushghat it coincides with a zero point of the
kernel.

psil=4°
250 T

z : : — noyau de Vanicek & Kleusberg
2 : — - noyau de Featherstone et al
;% : 1111 noyau sphérigque

200k Az
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Figure3 : Featherstone and al.,Vé&ek and Kleusbergand, spherical kernelg/for4°
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The figure above indicates the behavior of the liieratone and al. compared to \tak and
Kleusberg and spherical kernels. It is noted thatfReatherstone and al. kernel decrease more
quickly than the other kernels and takes zero vilutghe spherical distance chosen.

CONCLUSION

Over recent decades two distinct groups of modibcaapproaches have been proposed in
geodetic literature.

These approaches are often called deterministicsamchastic modification methods. The
deterministic approaches principally aim to reddoe effect of the neglected integration
zone. However, the stochastic approach is inteddasteéhe minimization of the errors due to
truncation of the integral, terrestrial data andmeential model coefficients.

In general, all kernel modification approaches wlated to each other by making some
changes. In practice, the shape of the Stokeseké&raltered so as to reduce the contribution
of the residual gravity in the truncated regionthe solution of the Stokes’ integral evaluated
within the spherical cap of radiys, .

The stochastic modifications offer an optimal conalbion of two data types together with a
minimization of the truncation error (in a leastiates sense), requiring reliable variance
estimates of the data.

In this work we developed a theoretical study toalde to compare between the various
modified kernel in order to attempt a suitable le¢for the precise determination of geoid. In
addition, and because of the lack of informationtlom errors of the terrestrial gravity data
distributed on the Algerian territory, we opt fdretuse of the deterministic modifications,
more precisely the modified kernel by Featherstame al., this choice is consolidated by the
fact that theoretically this modification showsttktze truncation error diminished at a greater
rate,who allows us to give the best result in the deteation of geoid undulation with a
minimization of the truncation error.
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